In this paper, an integer order SIR model is given to explain the transmission of rabies within a single population. We give stability analysis for the fixed points of this model and then modify this model to fractional order counterpart. Finally, we give numerical solutions for these models using different parameter values.
Introduction
Rabies is a fatal disease which effects mammals, caused by a virus. Although rabies is a preventable disease, it is still endemic in several warm-blooded animal populations [14] . Rabies occurs in more than 150 countries and territories and more than 55000 people die of rabies every year.
The vast majority of rabies cases reported occur in wild life animals like raccoons, skunks, bats and foxes. Rabies virus also circulates among domesticated animals. Indeed, dogs are the main vector in animal-human transmission of the virus.
Rabies is transmitted through close contact with infected saliva via bites or scratches. Once a mammal is infected by rabies virus and does not receive a post-exposure vaccination before the symptoms occur, dies in a short period. The first symptoms of rabies may be very similar to those of flu including general weakness or discomfort, fever or headache. As the disease progresses host may experience delirium, abnormal behaviour and insomnia [3] .
Rabies remains an important human health and wildlife management concern worldwide [15] [16] [17] . Mathematical models offer a relatively inexpensive way to examine significant parameters of rabies transmission. There are many different models that explain the spread of rabies given using ordinary and partial differential equations [13] [14] . Once a model is given, the solution offers us a foresight about the future of the disease. This helps to predict whether it becomes an epidemy or not. Although the solutions of the mathematical models let us predict the pattern of the spread of diseases, they generally do not fit the collected data good enough. Fractional order models help us to overcome the data agreement issue [7] .
In this paper we first give a new integer order mathematical model for the transmission of rabies virus within a single population and investigate the stability of solutions. Then, we offer a fractional order mathematical model. Finally, we discuss different scenarios using the solutions of the models we give.
Mathematical Models

Integer Order Model
To construct a mathematical model that explains the spread of endemic diseases, generally the populations are decomposed into groups. The number of these groups depends on the dynamics of the disease that is being modeled. We use an SIR model, that is the populations is divided into three groups, susceptible, infectious and recovered. The model that we offer is to explain the dynamics of rabies within a single species animal population. We use the following notation for variables: N(t)= Total number of animals at time t, S(t)= Number of susceptible animals at time t, I(t)= Number of infected animals at time t, R(t)= Number of recovered animals at time t.
It is clear that
ܰሺ‫ݐ‬ሻ ൌ ܵሺ‫ݐ‬ሻ ‫ܫ‬ሺ‫ݐ‬ሻ ܴሺ‫ݐ‬ሻ
for all t. The transfer diagram for the model can be seen in Fig.1 . For the construction of the model, we used the facts that rabies is a fatal disease for animals and the only way to prevent the mortality caused by rabies is to apply vaccination to the healthy individuals. The integer order mathematical model that we offer is as follows:
We assume that the natural death rate d(N) is dependent on the size of the population. For convenience, d is assumed to be a continuous and increasing function on R⁺. Also assume that there exists a positive constant K such that d(K)=b which represents the carrying capacity of the population. Adding up the equations given in (1), we have
which means the population size is not constant. We shall note that if d(N) is a linear function then the population has a logistic growth. , that is:
if ܴ ൏ 1 then DFE of system (3) is locally asymptotically stable.
Proof. The characteristic equation for DFE of system (3) is:
ሺെ‫ݖ‬ െ ܾ െ ߛ െ ߣሻ ቆ ߚሺ‫ݖ‬ ܾሻ‫ܭ‬ ߠሺ‫ݖ‬ ܾ ߛሻ െ ߠ െ ߣቇ ሺെ݀ ′ ሺ‫ܭ‬ሻ‫ܭ‬ െ ߣሻ ൌ 0.
So, it is clear that if
ఉሺ௭ାሻ ఏሺ௭ାାఊሻ
<1 , then DFE is locally asymptotically stable.
Non-disease free equilibrium (NDFE) for system (3) 
The NDFE is asymptotically stable if all the roots of the function ܵሺߣሻ ൌ െߣ ଷ ܺ1ߣ ଶ ܺ2ߣ ܺ3 have negative real parts.
Fractional Order Model
In recent years, mathematical models given by using fractional order differential equations have been observed to give better agreement with real data in biology, physics and engineering [2] , [6] , [10] . Therefore, many previously used models have been modified to fractional order [1] , [4] , [8] , [9] , [11] . Due to the difficulties in explaining the initial conditions for Riemann-Liouville differential equations, Caputo differential equations are preferred in most of these modifications. The definitions of fractional order integral and Caputo derivative are as follows.
Definition 2.1. The fractional integral of order α>0 for a function f:R⁺→R is defined by
‫ܫ‬ ఈ ݂ሺ‫ݐ‬ሻ ൌ 1 ߁ሺߙሻ න ሺ‫ݐ‬ െ ߬ሻ ఈିଵ ݂ሺ߬ሻ݀߬ ௧
and the Caputo fractional order derivative of order α∈(n-1,n) of f(t) is defined by
with n-1 being the integer part of α and D=d/dt.
The only difference between the integer order models and the fractional order modifications is the order of the equations (i.e. Integer order system is modified by only changing the order.). However, Diethelm offered to modify the integer order system by a simple dimension analysis and then change the order to a real number [7] . In system (3), the right-hand sides of the equations have dimension (time)⁻¹. When we change the order of the equations to α, the dimension of the left-hand side would be ሺ‫݁݉݅ݐ‬ሻ ିఈ In order to have the dimensions match we should change the dimensions of the parameters and the system we obtain eventually is
where 0<α≤1, N=S+I+R, (S,I,R)∈R₊³. We should note that system (5) can be reduced to the integer order system (3) in the limit case α→1.
Numerical Methods and Simulations
For the numerical solutions of the given systems, we use the technique given in [5] . This technique is based on transforming the fractional order system to an integer order system and evaluating the solution of the fractional order system in terms of the solution of the integer order system. We first simulate the given models for wildlife animals and we assume that vaccination term γ=0 and also z=0. The parameters used in the models are For the system (3), disease free fixed point is (18.3333, 0, 18.3333) and the positive fixed point is (4.46667, 0.533333, 5). The approximate solutions S(t), I(t) and N(t) are displayed in fig.2, fig.3 and fig.4 , respectively. In each figure three different values of α, α =1, 0.95, 0.90, are considered. For α=1 model (3), and for α=0.95 and α= 0.90 model (5) is used. (3) and system (5) by using the technique given in [5] . (3) and system (5) by using the technique given in [5] . (3) and system (5) by using the technique given in [5] .
